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NEW EXPRESSIONS FOR LAGUERRE AND HERMITE
POLYNOMIALS
H. MOYA-CESSA
Abstract. New expressions for Laguerre and Hermite polynomials are shown.
They are based on operator algebras commonly used in quantum mechanics.
1. Hermite polynomials
Hermite functions are given by the expression [1]
(1.1) Hn(x) = (−1)nex
2 dn
dxn
e−x
2
by doing p = −id/dx, we may rewrite them as
(1.2) Hn(x) = (−i)nex
2
pne−x
2
given that [x, p]f(x) = if(x) and considering the relation eµABe−µA = B +
µ[A,B] + µ2/2![A, [A,B]] + . . . we can cast (1.1) as
(1.3) Hn(x) = (−i)n(p+ 2ix)n.
We can add the Hermite polynomials given in (1.3) to obtain
(1.4)
∞∑
n=0
Hn(x)
αn
n!
= e−iα(p+ix)
by applying the Baker-Hausdorff formula [2], eA+B = e−[A,B]/2eAeB, valid when
the commutators obey [A, [A,B]] = [B, [A,B]] = 0, we obtain
(1.5)
∞∑
n=0
Hn(x)
αn
n!
= e−α
2+2αxe−iαp = e−α
2+2αx
1.1. Addition formula. We want to apply the form obtained in (1.3) to evaluate
the quantity
Hn(x+ y),
we write it as
(1.6) Hn(x+ y) = (−i)n[−i
d
d(x+ y)
+ 2i(x+ y)]n
by using the chain rule we have
(1.7)
d
d(x+ y)
=
1
2
(
∂
∂x
+
∂
∂y
)
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so that we may re-express (1.6) in the form
(1.8) Hn(x+ y) =
(
−i√
2
)n
(−i ∂
∂
√
2x
+ 2i
√
2x− i ∂
∂
√
2y
+ 2i
√
2y)n
by defining
(1.9) pX = −i
∂
∂X
, pY − i
∂
∂Y
with X =
√
2x and Y =
√
2y we obtain
Hn(x+ y) =
1
2n/2
n∑
k=0
(
n
k
)
(−i)k(pX + 2iX)k(1.10)
×(−i)n−k(pY + 2iY )n−k
that by using (1.3) adds to
Hn(x + y) =
1
2n/2
n∑
k=0
(
n
k
)
Hk(
√
2x)Hn−k(
√
2y)(1.11)
2. Laguerre polynomials
Laguerre polynomials are given by
(2.1) Lαn(x) =
1
n!
x−αex
dn
dxn
(e−xxn+α)
that may be rewritten as
(2.2) Lαn(x) =
1
n!
x−αex(ip)ne−xxn+α
by using that expne−x = (p+ i)n we can cast them into
(2.3) Lαn(x) =
1
n!
x−α
(
d
dx
− 1
)n
xn+α
or
(2.4) Lαn(x) =
1
n!
x−α
n∑
m=0
(
n
m
)
(−1)n−m d
m
dxm
xn+α
because
(2.5)
dm
dxm
xn+α =
(n+ α)!
(n+ α−m)!x
n+α−m
so we obtain the usual form for Laguerre polynomials:
(2.6) Lαn(x) =
n∑
k=0
(
n+ α
n− k
)
(−1)k x
k
k!
.
3. Conclusions
We have given new forms for Hermite polynomials (1.3) and Laguerre polyno-
mials (2.3) that may be used to add these polynomials in an easier form.
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